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Background

Distortion-product otoacoustic emissions can be used to estimate hearing
threshold [1, 2]. For this purpose, it is necessary to measure the growth of DPOAE
amplitude [3], i.e. its amplitude at 2f1 − f2 frequency as a function of stimulus level,
where f1 and f2 are frequencies of evoking pure tones.

Keefe [4] showed that the shape of the growth function showing the DPOAE level
in dB as a function of L2 tone measured for L1 = 0.4L2 + 39 dB is roughly invariant
to frequency in the range between 1 and 8 kHz. Therefore, the growth can be used to
estimate cochlear amplification across frequencies.

Goals

Verify the hypothesis of Keefe [4] that DPOAE amplitudes in the L1 and L2 space
are roughly frequency invariant.

Use the simulated DPOAEs to compare them with experimental data measured in
normally hearing population and by comparing the data with experiments suggest
the possible value of cochlear amplification in the audiologically normal population.

Nonlinear cochlear model

Adapted from Nobili et al. (1998)

A 2D hydrodynamic cochlea box model was used [5, 6]:

m(x)∂2t ξ(x , t) + h(x)∂tξ(x , t) + k(x)ξ(x , t)− [∂xs(x)∂x ]∂tξ(x , t) (1)

+

∫ L

0
G (x , x̄)∂2t ξ(x̄ , t)dx̄ = −U(x , t)− GS(x)∂

2
t σ(t),

where ξ(x , t) is the BM displacement, m(x) is mass, k(x) is stiffness, h(x) is
damping, GS(x) represents coupling between the stapes and BM, σ(t) is the stapes
displacement, ∂xs(x)∂x accounts for the longitudinal coupling of the oscillators due
to the shearing viscosity, and G (x , x̄) for the longitudinal coupling caused by
hydrodynamic forces due to surrounding fluid.

U(x , t) is the force of OHCs, which is
transformed by a function proportional
to the 2nd-order Boltzmann function:
U(x , t) = gu(x)S [aη(x , t)]. η(x , t) is
the shearing displacement of outer hair
cells stereocilia connected with the
tectorial membrane (TM) given by
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TM(x)η(x , t) = −∂2t ξ(x , t), (2)

where γTM is the damping, and ωTM(x) is the resonance frequency.

The middle ear is modeled by a simple model

mme∂
2
t σ(t) + hme∂tσ(t) + kmeσ(t) (3)

= Sow

{
1

Wbm

[
−
∫ 1

0
G (0, x̄) ξ̈(x̄ , t)dx̄ − Gs(0)∂

2
t σ(t)

]
+ GmePdr(t)

}
.

The displacement of the oval window σ(t) affects the pressure in the ear canal Pe(t).
This is related with the calibrated ear canal pressure Pdr(t), assumed as an input to
the model. The relation is under the assumption of adiabatic compression/expansion
given by

Pdr(t) = Pe(t) +
Pa
eStyΓmi
Vty

σ(t), (4)

where Pa
e = γairP

0
e , and P0

e is the ambient pressure of the air in the ear canal.

Frequency invariance of predicted DPOAEs

Fig. 1: DPOAE amplitudes expresssed in dB SPL simulated in the L1 and L2 space. Each panel shows
data for different f2 frequency (written above), f2/f1 = 1.2. 2 kHz data were taken as a reference and 4
and 6 kHz data were shifted in the level space to get best agreement and verify frequency invariance of
DPOAEs. Black dashed line indicates levels for ”scissor paradigm”: L1 = 0.4L2 + 39 dB SPL

Fig. 2: Responses of single BM segments in the
cochlear model as a function of pure tone intensity –
BM input/output functions. Frequencies of the pure
tones were 2, 4, and 6 kHz (same as f2 frequencies
above). For 4 and 6, the I/O functions were shifted by
the same amount of dB as found for shifting the
DPOAE level maps above.

DPOAE level maps predicted for
various f2 (from 2 kHz to 6 kHz)
can be overlapped by shifting
them along L1 and L2 axises by
12 dB for 4 kHz and by 6 dB for
6 kHz.

Cochlear amplification in the
model is roughly between 50 and
55 dB in this frequency range.

If we apply the same shift to the
simulated BM I/O functions, we
reach approximate agreement
between the I/O functions (the
compression knee point).

Predicted DPOAE level maps: gain effect

If we assume that 51 dB is roughly the value of gain needed to achieve 0 dB
hearing level in audiogram, then 35 dB gain would still be in the normally hearing
range of 20 dB.

DPOAEs are sensitive to small changes of cochlear amplification

The decrease of amplification reduces the portion of the level map in which the
DPOAE amplitude is saturated.

Average DPOAE growth functions

Fig. 3: Average DPOAE growth functions
measured in young normally hearing subjects. Taken
from Abdala

Participants: Young adults (n = 20), age
18–31 years (mean 22.3 years).
DPOAE measurements: DPOAE
(2f1–f2) were recorded using swept primary
tones (f2/f1 = 1.22). Primary levels
followed the scissors paradigm:

L1 = 0.4L2 + 39 dB SPL.

DPOAE growth functions were obtained for
frequencies from 1 to 8 kHz and stimulus
levels from 25 to 80 dB SPL.

Average DPOAEs and model predictions

Objective: Align measured and simulated input-output curves by optimizing a
horizontal shift (∆L2)
Data definition:

Measured curve: (L2,meas,Zmeas)
Simulated curve: (L2,sim, L1,sim,Zsim) – simulated curves obtained for vertical shifts along L1

Computation of Z values:
Zmeas: extracted directly from the measured response (input-output function) at each L2 level.
Zsim: obtained from the model-generated input-output function evaluated at corresponding L2
values.
Both represent the same physical quantity (e.g., response amplitude or gain) expressed on a
common scale.

Search space for horizontal shift: Discrete grid:

∆L2 ∈ [−16,−14, . . . , 14, 16] dB

Curve alignment: The simulated curve is interpolated onto shifted measurement
points:

Z shift
sim = Zsim(L2,meas +∆L2)

Vertical shift (amplitude alignment): For each ∆L2, the optimal vertical offset
is:

A = mean
(
Zmeas − Z shift

sim

)
Cost function:

F =
1

Nover

∑(
Zmeas − Z shift

sim − A
)2

Overlap constraint: A penalty is added if the number of valid overlap points
satisfies:

Nover < Nmin

Optimization: Exhaustive discrete search over ∆L2
Outputs:

Optimal shift: ∆L∗2 and ∆L∗1
Minimum cost: Fmin

Fig. 4: Top row: Cost function for various vertical shifts across the simulated DPOAE level map for average
DPOAEs of Abdala et al. The legend indicates cochlear amplifier gains for the simulated DPOAE level maps
– best fit for the gain of 51 dB. The bottom row: ∆L2 values which yielded minimum in the cost function
for each ∆L1.

Figure shows the cost function for each cross-section of DPOAE level map (given by
∆L1)

For each cross-section, the simulated DPOAE growth function is shifted along L2 axis
to get the smallest cost function.

Fig. 5: Simulated DPOAE level map. Dashed lines indicate
cross-sections, which yielded the smallest cost function for given
frequency.

Each dashed line shows
”optimal” cross-section
yielding smallest cost
function.

The level map was obtained
with the model with highest
gain (51 dB) and for
f2 = 2 kHz .

Individual DPOAEs and model predictions

Eight young (20 to 30 years old) subjects, 15 ears, were measured

Swept sines [8], scissor paradigm L1 = 0.4L2 + 39 dB, f2/f1 = 1.2.

Fig. 6: Minimal value of a cost function when the individual data from separate ears are fitted into the
simulated DPOAE level maps for two different model gains.

Summary

Simulated DPOAE level maps (L1, L2 plane, f2/f1 ≈ 1.2) can be transformed onto
each other across frequencies. This supports the hypothesis of [4] that DPOAE
generation is nearly frequency-invariant, as predicted by cochlear models.

A measured DPOAE growth function corresponds to a particular trajectory
(cross-section) through the underlying DPOAE level map. Differences between
measured growth functions may therefore arise from differences in the sampled
trajectory rather than from fundamentally different cochlear mechanisms.

Based on these assumptions, experimental DPOAE growth functions can be
compared with simulated DPOAE level maps by evaluating the agreement between
measured growth functions and predicted cross-sections through the maps.

The best agreement was obtained between the simulated DPOAE level maps
generated with a cochlear amplifier gain of 51 dB and the average DPOAE growth
functions reported by [7]. The agreement deteriorated as the simulated cochlear gain
decreased.

Similar results were obtained for individual DPOAE growth functions measured in
young normal-hearing subjects (hearing thresholds ≤ 10 dB HL)

Within the framework of the employed cochlear model, these results suggest that the
effective cochlear amplifier gain between approximately 1 and 6 kHz is close to 50 dB.

Future work will focus on measuring multiple points across the DPOAE level maps
directly, enabling a more comprehensive validation of the model predictions.
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